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It is shown that for alternating XY chains Xzz can have two singularities atdifferent values of the applied magne- 
tic field. 
We consider an XY chain, in which the interactions between eighbouring spins and the magnetic moments of 
the spins and the magnetic moments of the spins have an alternating magnitude. Related alternating models have 
received some attention for various purposes [1-3]. In the present note we want to point out that the zz compo- 
nent Xzz =- × of the susceptibility ensor can have two square root or two logarithmic singularities at different va- 
lues of the applied magnetic field. The Hamiltonian isgiven by 
N 
H= ~ [2 (d + ( -1)Q s} {SjXS)X+l qSf+ 1 } + 2, (7 + (-1)/Ts){S~S~I - qST+ 1 } -{b + (-1)/bs)S/z ] 
/=1 
(1) 
(Nis even, and SN+I =S1)" 
Here 7 denotes the anisotropy, b the magnetic field and the quantities labeled by the subscript s describe the 
alternating behaviour. In the thermodynamic limit, ×zz is correctly given in terms of the so-called c-cyclic version 
of the Hamiltonian (1) [4, 5]. The c-cyclic Hamiltonian can be diagonalized to give 
H=~ G Az(q)(nfqz~qz-~).  (2) 
q z= 1,2,3,4 
Here the ~qz and ~tqz are fermion annihilation and creation operators. The summation over q is restricted to the 
range [0, n/2] and the eigenvalues Az(q) are given by 
I 2_4c4)1/211/2 A/~(q) = [~ c2+- 2 (¢2 , (3) 
where 
C 2 = 2(b 2 + b 2) + 8(J2+ 7 2) cos2q + 8(J  2 -  7 2) sin2q, 
(4) 
C 4 =(b 2 - b 2 - 4( J  2 - 72 ) cos2q - 4( J  2 - 72) sin2q} 2 + 64 (J7 - JsTs) 2 sin2q cos2q. 
The eigenvalues in eq. (3) have a two.fold degeneracy, for/z = 1,2 we have an "acoustical branch" with the 
minus sign in eq. (3), for/z = 3,4 we have the plus sign. The susceptibility X can now be calculated, assuming bsb -1 
to be constant, i.e. bs=-gb. In the thermodynamic limit we have 
,, hi2 / 
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For the critical behaviour in the low temperature limit T ~ 0 we can ignore the "optical branch" with ~ = 3, 4. 
Both terms in eq. (5) can give rise to singularities in Xzz. These singularities occur at the zeros of Au(q) (i.e. c 4 = 0). 
There are two types of singularities. 
In the special case that Js, = Jss,s which includes the isotropic case 5, = 5's = 0, the second term in eq. (5) can be 
evaluated to be 
X = lb2(1 -  g2)b -1  (b2-  b21)-l/2(b22- b2) -1/2 
71" (bcl <S b < be2 ) , (6) 
where 
bc 1 = 2( j2_  5,2)1/2(1 _g2) -1 /2 ,  bc2 = 2(J  2 - 5's2) 1/2 (1 -g2) -1 /2  , (7) 
-2+ 2~ 2 2 1/2 2 2 ^,2 r21-1/2 (8) b=b[ J2 - j s  g (5" -5 ' s ) ]  [3' + J  - - t s  as1 , 
and X has two singularities, for b ~ bcl and b t be2 resp., provided that [Jsl > 15' t. 
In the anisotropic ase Js, ~Jss,s, the first term in eq. (5) will give rise to two logarithmic singularities at the cri- 
tical fields bcl and be2, given by eq. (7). The singular contribution to the susceptibility arises from the integral 
X = 3~2 n b2 aA-~l/2(1-g2)5/2(JS, - Jss,s) 2 fd~p a [(b2_ b2)  2 + 64 (Js' - Js'Ys)2¢2] 3 /2 '  (9) 
where ot = 1,2, 
A1 = j2  _ g25,2, ~01 = rr/2 - q ,  A2 = j2  _ g25,s2 ' ~02 = q .  (10) 
Apart from the occurence of two singularities, the type of singularity is similar to that of the normal XY model 
[5 -7] ,  i.e. a square root singularity in the isotropic case, and a logarithmic singularity in the anisotropic ase. (In 
the case of an XY model with Dzyaloshinsky interactions, the square root singularities occur under more general 
conditions [8] .) A more extensive discussion of the properties of the present model will be published elsewhere. 
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